INTRODUCTION
The nancial crisis of 20072008 resulted in large losses for most static portfolios, leading to increased interest in dynamic approaches to asset allocation. The market ructions during the beginning of 2016 are a recent example of how abruptly the behavior of nancial markets can change. Although some changes may be transitory, the new behavior often persists for several months after a change (Ang and Timmermann, 2012) . The mean, volatility, and correlation patterns in stock returns, for example, changed dramatically at the start of, and persisted through the crisis of 20072008.
Changes in market dynamics present a big challenge to traditional strategic asset allocation (SAA) that seeks to develop static all-weather portfolios that optimize eciency across a range of scenarios. The purpose of dynamic asset allocation (DAA) is to take advantage of favorable market conditions and reduce potential drawdowns by adjusting portfolio weights as new information arrives (Sheikh and Sun, 2012) . DAA is distinct from tactical asset allocation (TAA). While the latter relies on forecasting, DAA is based on reacting to changes in market conditions. The goal of DAA is not to predict change points or future market movements, but to identify when a regime shift has occurred and then benet from persistence of equilibrium returns and volatilities. Some approaches to DAA exploit the relationship between observed regimes in nancial markets and the phases of the business cycle while other approaches are based solely on market data. Regime-switching models, such as the hidden Markov model (HMM), are a popular choice for modeling the hidden state of nancial markets because they are able to reproduce stylized facts of nancial returns, including volatility clustering and leptokurtosis (see e.g. Rydén et al., 1998; Nystrup et al., 2015b) . Furthermore, the inferred states can often be linked to phases of the business cycle (see Guidolin and Timmermann, 2007) . Several studies have shown the protability of DAA strategies based on regime-switching models (see e.g. Guidolin and Timmermann, 2007; Bulla et al., 2011; Kritzman et al., 2012; Nystrup et al., 2015a) .
A DAA strategy has two components: a method for detecting change points and a strategy for changing the portfolio when a change point has been detected. In case of a strategy based on a regime-switching model the two components fuse as the asset allocation is typically fully determined by the inferred regime. The pivotal question then becomes, how many regimes are needed and whether the regimes can be assumed to be stationary. Assuming a xed number of regimes (typically between two and four) based on economic motivations, as it has often been done in the literature (see Guidolin, 2011) , is unlikely to be optimal.
The approach taken in this article is very dierent. It is based on detection of change points without tting a model with a xed number of regimes to the data, without estimating any parameters, and without assuming a specic distribution of the data. The change points will not necessarily correspond to turning points in the business cycle.
When a change point has been detected, the only knowledge of the new regime is the observations encountered between the change point and the time of detection. The portfolio adjustment is determined independently of the change point detection.
This article presents a new approach to DAA. It examines whether DAA based on nonparametric change point detection can provide better long-term results when compared to static, xed-weight portfolios. The focus will be on stock returns as portfolio risk is typically dominated by stock market risk. It will be examined whether to test for location, scale, or more general distributional changes and whether the CBOE Volatility Index (VIX) or past returns of the S&P 500 index yield the best proxy for the prevailing regime. Finally, it will be examined whether DAA is most protable when based on changes in the VIX or change points detected in daily returns of the S&P 500 index.
The VIX is considered due to its forward-looking nature which will be discussed in the next section before introducing change point detection and the empirical results in the following sections.
THE VIX AND S&P 500
The CBOE Volatility Index (VIX), introduced by the Chicago Board Options Exchange (CBOE) in 1993, is an important benchmark for stock market volatility. The VIX estimates expected market volatility by averaging weighted prices of 30-calendar-day S&P 500 options over a range of strike prices. It considers a model-free estimator of implied volatility and, thus, does not depend on any particular option pricing framework.
1 The VIX essentially oers a market-determined, forward-looking estimate of one-month stock market volatility and is regarded as an indicator of market stress; the higher the VIX, the greater the fear (Whaley, 2000) . There is a signicantly negative relationship between changes in the VIX and contemporaneous returns of the S&P 500 index as depicted in Figure 1 . The negative correlation between stock returns and implied volatility captures the leverage effect rst discussed by Black (1976) . Racicot and Théoret (2016) found that the VIX embeds many properties of other macroeconomic and nancial uncertainty measures such as the growth of industrial production, the growth of consumer credit, longterm interest rates, term spreads etc. Note: Only one observation per month is shown.
In Figure 2 , the VIX is compared to the realized volatility of the S&P 500 index one-month ahead.
2 It is evident that the VIX has had a persistent bias over realized volatility. The VIX is not a pure forecast, it is the price of volatility and, as such, includes a risk premium that varies over time. A negative risk premium for volatility partly explains the bias. Figure 3: The VIX, the S&P 500 index, and their daily log-returns.
realized volatility are more ecient than the VIX model-free implied volatility. It may, however, still be the case that the VIX provides earlier signals about change points than past returns of the S&P 500 index.
The data analyzed is 6,485 daily log-returns of the VIX and the S&P 500 index covering the period from January 1990 through September 2015. Figure 3 shows the two indices 3 together with their log-returns. 4 The volatility forms clusters as large movements tend to be followed by large movements and vice versa, as noted by Mandelbrot (1963) .
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This is most pronounced in the log-returns of the S&P 500 index, although it can be seen in the VIX series as well.
The volatility of the VIX appears to be higher when the level of the VIX is high.
Persistence in the volatility of the VIX corresponds to persistence in the kurtosis of the S&P 500 returns, as the second moment of the VIX corresponds to the fourth moment of the S&P 500 returns. DAA aims to exploit this persistence of the volatility, as riskadjusted returns, on average, are substantially lower during turbulent periods, irrespective of the source of turbulence, as shown by Kritzman and Li (2010) . The log-return series are characterized by a large number of exceptional observations. Table 1 shows the rst four moments of the log-returns of the two indices. The moments of the two return series are quite dierent, but the kurtosis is well above three for both series implying that the tails of the unconditional distributions are heavier than those of the Gaussian distribution. Assuming the data is Gaussian would cause occasional large values to be interpreted as change points, even though they should more correctly be classied as outliers, as discussed by Ross (2013) .
CHANGE POINT DETECTION
A frequently used analogy for nancial returns in the case of regime-switching models is that of a person's heart rate. While the person sleeps, a low average heart rate with low volatility is observed. When the person wakes up, there is a sudden rise in the heart rate's average level and its volatility. Without actually seeing the person, it can reasonably be concluded based on observations of the heart rate whether he or she is awake or sleeping.
Rather than distinguishing between a xed number of states, such as awake or sleeping, the aim of change point detection is to detect when the distribution of the heart rate changes.
Change detection problems, where the goal is to monitor for distributional shifts in a sequence of time-ordered observations, arise in many diverse areas. They have been studied extensively within the eld of statistical process control where the goal is to monitor the quality characteristics of an industrial process in order to detect and diagnose faults.
The task is to detect whether a data sequence contains a change point. If no change point exists, the observations are assumed to be identically distributed. If a change point exists at time τ , then the observations are distributed as:
( 1) In other words, the variables are assumed iid with some distribution F 0 before the change point at t = τ and iid with a dierent distribution F 1 after. The location of the change point is unknown, and the problem is to detect it as soon as possible. The change point methodology can also be applied to sequences that are not iid between change points, by rst modeling the data sequence in a way that yields iid one-step-ahead forecast residuals and then performing change detection on these (Ross et al., 2011) .
Most traditional approaches to change detection assume that the distributional form of the data is known before and after the change with only the parameters being unknown. Classical methods for this problem include the CUSUM method (Page, 1954) , exponentially weighted moving average charts (Roberts, 1959) , and generalized likelihood ratio tests (Siegmund and Venkatraman, 1995) . These assumptions, however, rarely hold in sequential applications. Typically, there is no prior knowledge of the true distribution or assumptions made about the distribution may be incorrect.
A Nonparametric Approach
The nonparametric (distribution-free) change detection approach applied in this article is based on Ross et al. (2011) and the implementation by Ross (2015) . It does not assume that anything is known about the distribution of the data before monitoring begins; it is thus an example of a self-starting technique. The main advantage of the approach being self-starting is that it can be deployed out-of-the-box without the need to estimate parameters of the data distribution from a reference sample prior to monitoring.
In a typical setting, a sequence of observations x 1 , x 2 , . . . are received from the random variables X 1 , X 2 , . . .. The distribution of X i is given by (1), conditional on the change point τ which the task is to detect. Suppose t points from the sequence have been observed. For any xed k < t the hypothesis that a change point occurred at the kth observation can be written as
A two-sample hypothesis test can be used to test for a change point at k. Let D k,t be an appropriately chosen test statistic. For example, if the change is assumed to take the form of a shift in location and the data is assumed to be Gaussian, then D k,t will be the statistic associated with the usual t-test. If D k,t > h k,t for some appropriately chosen threshold h k,t , then a change is detected at location k. As no information is available concerning the location of the change point, D k,t has to be evaluated at all values of
then the hypothesis that no change has occurred before the tth observation is rejected if D max,t > h t for some threshold h t . The estimateτ of the change point is then the value of k which maximizes D k,t . This formulation provides a general method for nonsequential change point detection on a xed size dataset. It can also be applied in the case where points are sequentially arriving over time, by repeatedly recomputing the test statistic as each new observation is received.
When the task is to detect a change in a data sequence where no information is available regarding the pre-or post-change distribution, the approach of Ross et al. (2011) is to replace D k,t with a nonparametric two-sample test statistic that can detect arbitrary changes in a distribution. The algorithm would proceed as above, with this statistic evaluated at every time point, and the maximum value being compared to a threshold h t . In many situations a more powerful test can be found by restricting attention to the case when the pre-change distribution F 0 undergoes a change in either location or scale:
• Location Shift: F 1 (x) = F 0 (x + δ).
• Scale Shift:
This corresponds to a change in either the mean or volatility of nancial returns. Although it is slightly more restricted than testing for arbitrary changes, in practice any change in F 0 is likely to cause a shift in location or scale, and thus can be detected.
Nonparametric change detection is typically perceived to be less powerful than parametric change detection, but Ross et al. (2011) showed that, although parametric Gaussian change detection using the t-and F -test outperforms the nonparametric methods when detecting larger sized changes in the parameters of a Gaussian distribution, the difference in performance is not excessive, and the nonparametric tests actually outperform for smaller sized changes. For heavy-tailed data the nonparametric methods signicantly outperform the parametric Gaussian methods.
Of the nonparametric test statistics that were considered for this article, the tests thatin agreement with Ross et al. (2011) were found to be most powerful are the MannWhitney test for changes in location (Mann and Whitney, 1947) , the Mood test for changes in scale (Mood, 1954) , and the Lepage test for joint monitoring of changes in location and scale (Lepage, 1971) . The Cramérvon Mises and KolmogorovSmirnov tests (see Ross and Adams, 2012) were also considered, but they were found to be slower at detecting distributional changes when compared to the Lepage test.
The mentioned tests use only the rank of the observations. 6 The Mood test (Mood, 1954) , for example, is based on the observation that if n = n A + n B points are spread over two samples A and B, then assuming no tied ranks, the expected rank of each point under the null hypothesis that both samples are identically distributed is (n + 1) /2. The Mood test uses a test statistic which measures the extent to which the rank of each observation deviates from the expected value:
where r (x i ) denotes the rank of x i in the pooled sample.
The distribution of the Mood statistic is independent of the distribution of the underlying random variables with mean and variance
Taking the absolute value of the standardized test statistic
ensures that both increases and decreases in scale can be detected.
EMPIRICAL RESULTS
The empirical testing shows that the best result is obtained by focusing on shifts in the scale parameter. It is not surprising that there is little information in the mean values (see e.g. Merton, 1980) . Testing for more general distributional changes leads to approximately the same change points being identied with a larger detection delay compared to when focusing on shifts in scale. This nding applies to both the VIX and the S&P 500 return series. 
Test Procedure
The testing is done one day at a time in a live-sample setting to make it as realistic as possible. The rst 21 observations, corresponding to one month, are used to determine the initial allocation. From that point onwards it is tested each day whether a change point has occurred. If a change point is detected to have happened on day τ < t after the log-return of the index on day t has been added to the sample, then the observations from the time of the change point τ until the time of the detection t are used to estimate the volatility in the new regime. If, based on the new estimate of the volatility, the allocation to the stock index changes, then the new allocation is implemented at the closing of day t + 1, i.e. there is assumed to be a one-day delay in the implementation. The asset allocation remains unchanged otherwise. The closing level on day t + 1 is then included in the sample and it is tested whether a new change point has occurred. The portfolio is not rebalanced until the next change point is detected.
Upon the detection of a change point, the volatility is estimated as the square root of an exponentially weighted moving average of the past variance
The forgetting parameter λ is set to 0.95, corresponding to an eective memory length of 20 trading days or roughly one month. This EWMA is found to be a better forecast of future, one-month volatility than the VIX. The tested strategies are fairly simple as the purpose is not to outline the optimal strategy but rather to discuss the protability of a DAA approach based on change point detection. Assuming the average long-term stock volatility is 20%, a simple strategy is to allocate 50% to stocks and 50% to cash when the volatility is 20%.
If, instead, the volatility is 10%, then the entire portfolio is allocated to stocks. If the volatility is 30%, then the entire portfolio is allocated to cash. In Figure 5 , this simple (linear) long-only strategy with no leverage is shown as the dashed line. The dotted line corresponds to the same allocation function with leverage and short-selling allowed.
This strategy is referred to as LongShort to distinguish it from the Long-only strategy.
These strategies are likely not optimal, but attempting to optimize them may introduce a signicant back-testing bias.
Performance of Dynamic Asset Allocation Strategies S&P 500 Change Points. In Table 2 , the performance of the two dynamic strategies based on the S&P 500 change points is compared to the performance of the S&P 500 index and a static, xed-weight portfolio. The static portfolio I is rebalanced daily to have a xed allocation of 61% to the S&P 500 index which equals the average allocation of the Long-only strategy to the stock index over the period from February 1990 through September 2015. The remaining 39% are allocated to cash which is assumed to yield zero interest.
The Long-only strategy has the highest Sharpe ratio (SR) with an annualized return This table summarizes the annualized return, standard deviation, Sharpe ratio, and maximum drawdown for the S&P 500 index, the two dynamic strategies based on the S&P 500 change points, and a static portfolio that has the same average exposure (61%) to the S&P 500 index as the Long-only strategy.
(AR) of 5.6% and an annualized standard deviation (SD) of 9%.
7 Although the realized return is lower than for the S&P 500 index, the SR is signicantly higher. The Long Short strategy has the same AR as the Long-only strategy but a higher SD and MDD, and, consequently, a lower SR.
The Long-only strategy has a lower SD and maximum drawdown 8 (MDD) than the static portfolio I (that has the same average exposure to the S&P 500 index), but the realized return is higher as long as transaction costs do not exceed 188 basis points per one-way transaction. This is when ignoring the costs associated with rebalancing to static weights, so the break-even transaction cost is higher than 188 basis points. VIX Change Points. Table 3 summarizes the performance of the same strategies when based on change points detected by analyzing the daily changes in the VIX. The static portfolio II has a xed allocation of 64% to the S&P 500 index which equals the average allocation of the Long-only strategy to the stock index over the period.
The Long-only strategy has a higher AR and SR and a lower MDD than before. The AR is still lower than that of the index, but the dierence is smaller. The AR of the Long-only strategy exceeds that of the static portfolio II as long as transaction costs do not exceed 372 basis points per one-way transaction.
The performance of the LongShort strategy is similar to the index in terms of SR and it has a lower MDD. This is a signicant improvement compared to when based on the S&P 500 change points, but it is still less protable than the Long-only strategy. Note: The legends are sorted according to the nal index value. allocation was reduced to zero when based on based on the S&P 500 change points, but the allocation is then increased to about 60% in 1999. This allocation is retained all the way to the peak in year 2000. Towards the peak in 2008, the Long-only strategy performs worse when based on the VIX change points. The allocation to S&P 500 is reduced for the rst time already at the beginning of 2007, but it is not reduced all the way to zero until November 2008. In Figure 6 , the allocation was reduced to zero in September 2008, only a few days after Lehman Brothers led for bankruptcy.
The superior performance of the Long-only strategy compared to the static portfolio II increases steadily towards the peak in year 2000, through the subsequent downturn, and towards the peak in year 2008. The dierence in performance is then reduced over the following three years during the market rebound before it again increases. The outperformance is built up gradually through the 25-year period and does not come from the nancial crisis in 2008, on the contrary, the gap in performance compared to the static portfolio shrunk a lot in the wake of the crisis.
Performance of Switching Strategies
Although the tested strategies are fairly simple, they can be made even simpler by only allowing one asset in the portfolio at a time. Rather than having the allocation to the S&P 500 index be a linear function of the forecasted volatility, the allocation is either 100% or 0% in the long-only case and 100% or −100% in the longshort case depending on whether the forecasted volatility is above or below 20%. This threshold is chosen based on the assumption that the average long-term stock volatility is 20%, which is an arbitrary choice. These simple switching strategies are similar to a regime-switching approach.
The testing of the switching strategies is carried out one day at a time in a live-sample setting exactly as before. The focus will be on the change points detected by analyzing the daily changes in the VIX, since the DAA strategies already tested were most protable when based on these. Past returns of the S&P 500 index are still used to estimate the volatility upon the detection of a change point. This table summarizes the annualized return, standard deviation, Sharpe ratio, and maximum drawdown for the S&P 500 index, the two switching strategies based on the VIX change points, and a static portfolio that has the same average exposure (66%) to the S&P 500 index as the Long-only switching strategy. Table 4 summarizes the performance of the switching strategies based on the VIX change points. The static portfolio III is rebalanced daily to have a xed allocation of 66% to the S&P 500 index, which equals the average allocation of the Long-only switching strategy to the stock index over the period.
The performance of the Long-only switching strategy is notable. Not only does it have a much higher SR and a signicantly lower MDD than the S&P 500 index, it also has a higher realized return as long as transaction costs do not exceed 93 basis points per one-way transaction. This is under the assumption that there is no interest on cash. The realized return of the Long-only switching strategy exceeds that of the static portfolio III as long as transaction costs do not exceed 627 basis points per one-way transaction and, at the same time, the MDD is less than half.
The LongShort switching strategy is only rebalanced when the position changes from long to short or from short to long. This strategy also has a higher AR and a lower SD and MDD compared to the S&P 500 index. The SR of 0.50 is higher than that of the index, but it does not compare to that of the Long-only switching strategy. Figure 8 shows the development of the Long-only switching strategy, the static portfolio III, and the S&P 500 index. The allocation is 100% whenever it was above 50% in Figure 7 and 0% whenever it was below 50%.
Compared to the index, the switching strategy falls behind on the way towards the peak in year 2000, then it gets ahead during the subsequent downturn and retains its lead It is easy to get the impression from Figure 8 that the applied change point method is faster at detecting increases in the volatility than decreases, as the switching strategy is much better at timing the downturns than the rebounds. The same conclusion was reached in Nystrup et al. (2015a) based on regimes inferred with an HMM with timevarying parameters. From a comparison with Figure 7 it appears that the volatility remains high during the beginning of the rebound as the allocation is increased (to a level below 50%) sooner than it can be seen from Figure 8 . It is expected that gradual drift is harder to detect than abrupt changes.
Trading the VIX Given the strong performance of the Long-only switching strategy based on the VIX change points, it is natural to wonder whether the performance can be replicated and possibly improved by trading the VIX itself. Instead of buying the S&P 500 when a change point is detected and the volatility is estimated to be below 20%, the replicating strategy would be to sell short-term VIX futures (see Ilmanen, 2012; Whaley, 2013; Simon and Campasano, 2014) .
As long as the volatility remains low, a short position will accrue a roll yield as the futures price converges to the spot price, reecting the gap between realized and implied 9 When a new change point is detected and the volatility is estimated to be above 20%, the short position is terminated.
In Table 5 , the performance of the switching futures strategy is compared to the S&P 500 VIX short-term futures inverse daily excess return index, the Long-only switching strategy, and the S&P 500 index over the period from December 20, 2005 through September 30, 2015.
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The return from selling short-term VIX futures is more than three times as high as the return of the S&P 500 index and the Long-only strategy that switches in and out of S&P 500, but the strategy is also more volatile.
The SR of the futures strategy is higher than that of the Long-only switching strategy when transaction costs are ignored. After accounting for transaction costs, the dierence is most likely small, since the futures strategy involves more trading from rolling the short position (Whaley, 2013) .
SUMMARY AND DISCUSSION
The new approach to DAA presented in this article is based on sequential hypothesis testing to detect change points without tting a model with a xed number of regimes to the data, without estimating any parameters, and without making any assumptions about the distribution of the data. This approach is very robust given that it is not based on a model or any assumptions about the data that can change going forward. It is a useful tool for dividing nancial time series into regimes without making any assumptions about the number of regimes or the distribution of the data within the regimes.
Daily returns of both the VIX and the S&P 500 index were considered as input to the change point detection. The VIX was considered due to its forward-looking nature.
It was not possible to conclude which of the two series that provided the earliest warning about change points as not all the detected change points coincided. The testing did show, however, that DAA based on the VIX change points was most protable.
Simple switching strategies performed better than strategies where the allocation to the stock index was a linear function of the estimated volatility despite the fact that the volatility assumed many dierent levels in the detected regimes.
The best performing strategy was a switching strategy that was fully invested in the S&P 500 index in the low-volatility state and cash in the high-volatility state. This strategy outperformed both the S&P 500 index and a static portfolio with the same average allocation to the stock index both in terms of Sharpe ratio and realized return and it had a signicantly lower tail risk. Due to the assumption of zero interest on cash positions, there was no other source of performance than the index. A similar Sharpe ratio could be obtained by selling short-term VIX futures instead of buying the S&P 500 index in the low-volatility state.
The analysis focused on the S&P 500 price index because of its link to the VIX. If the price index was replaced by the total return version of the S&P 500 index and the return on cash was assumed to be the daily risk-free rate rather than zero, then the realized returns would be higher, but the relative performance of the strategies and the break-even transaction costs would be almost the same.
The tested strategies may be based on larger changes in allocation than most investors are willing to and/or allowed to implement. The excess return that can be obtained will simply be proportional to the fraction of the portfolio that is allocated to the dynamic strategy.
The presented results have important implications for portfolio managers with a medium to long-term investment horizon. Even without any level of forecasting skill it is not optimal to hold a static, xed-weight portfolio. 2 The realized volatility is calculated, in accordance with the methodology used by S&P Dow Jones Indices, as RV t = 100 × 12 t i=t−20 log (P i /P i−1 )
2 , where P t is the closing price of the index on day t and log is the natural logarithm.
